This paper investigates the flocking problem in multi-agent system with time-varying delay and a virtual leader. Each agent here is subject to nonlinear dynamics. For the system, the corresponding algorithm with time-varying delay is proposed. Under the assumption that the initial network is connected, it is proved that the distance between agents is in the desired distance. The theoretical deduction shows that the stable flocking motion is achieved.
Introduction
Flocking is a collective behavior of large number of interacting agents with a common group objective. Examples of these agents include birds, fish, penguins, ants, bees, and crowds. Many scientists from rather diverse disciplines, including physics, mathematics, control engineering and biology, have been interested in flocking problem [1] - [8] . The first well-known flocking model was proposed by Craig Reynolds [2] . Reynolds started with a boid model to build a simulated flock and introduced three rules (i.e., separation, cohesion and alignment rules) for flocking. Based on Reynolds' three rules, flocking problems have been investigated from various perspectives [9] - [15] . In [16] , an artificial potential function is put forward and three algorithms are introduced. It provides a theoretical framework for the designing of flocking algorithms. Multi-agent flocking under topological interactions is considered, which define a notion of hierarchical structure in the interaction graph that establish conditions building upon previous work on multi-agent systems with switching communication networks in [17] . Using structurally balanced signed graph theory and a specified potential function, a stable bipartite flock formation is achieved for both virtual leader and leaderless situations in [18] . However, there is a common assumption that virtual leaders guide the flocking behaviors of the group. In this paper, leader follower flocking problem of multi-agent system is considered.
A flocking problem concerning multiple leaders in which followers use the position of flocking center to keep their connections is studied in [19] . In [20] , two leader-follower adaptive flocking algorithms are proposed with the combination of consensus and attraction/repulsion function respectively to solve the cohesive flocking problem and the formation flocking problem. Aiming at the group of autonomous agents consisting of multiple leader agents and multiple follower ones, a flocking behavior method with multiple leaders and a global trajectory was proposed in [21] . Yu et al., [22] give a distributed leader-follower algorithm considering the group consisting of one leader. In [23] , for the circumstance with a virtual leader, the agents would follow the virtual leader and achieve the same velocity asymptotically.
In practice, time delay is inevitable and would damage the stability of system. Jing et al. [23] investigate flocking problem of multi-agent systems with time delay and discuss systems with homogeneous and inhomogeneous time delay. Yang et al. [24] proposed an adaptive flocking algorithm for multi-agent system with time delay. It is proved that the distance between agents can be larger than a constant during the motion evolution by using the flocking algorithm. The authors investigate the flocking problem of multi-agent systems led by one active virtual leader with a directed topology containing time-varying coupling delays, which based only on the three classical assumptions for flocking systems in [25] . Because of these problems, this paper will study the flocking problems in the multi-agent system with a virtual leader and time-varying delay.
The rest of this paper is organized as follows. Some basic preliminaries and flocking algorithms are presented in Section 2. Section 3 gives the nonlinear leader-following multi-agent models. Algorithms and main results are presented in Section 4. Section 5 concludes the paper and offers suggestions for future work.
Preliminaries
In this section, some related preliminary knowledge are introduced. , , , , , , ,
An undirected graph is called connected if there is a path between each pair of distinct nodes.
( )
is the degree matrix whose diagonal elements are defined by .
2) The Laplacian matrix L is a positive semi-definite matrix that satisfies the following sum-of-squares property:
Suppose that  is an undirected graph of order N, and 1  is a graph generated by adding some edges into the graph  . Then 
Problems Formulation
Consider the multi-agent system described by
are the position and velocity states of i th agent, respectively.
is the nonlinear dynamic of agent i and
∈ as the relative distance between agent i and agent j. For the systems with virtual leader available, the dynamics of virtual leader is described as 
Supposed that all agents have the same sensing radius 0. R > Then the neighboring set of agent i is denoted as
Since the size of agent cannot be ignored usually that a minimum allowable distance r (collision distance) is considered in the model.
is called a dynamic undirected graph with a time-varying set of links
. It is called hysteresis effect and γ is the hysteresis distance, which is crucial in preserving connectivity of the network;
3) If
. The neighboring set of agent i is divided into four regions, named collision region, separation region, alignment region and attraction region, in which 2 1 . 
Algorithms and Main Results
For system (1) with virtual leader (2), the flocking algorithm can be described by 
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ξ ζ = − = − respectively. Then the system can be described by
The control input (6) can be equivalently rewritten as
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Flocking motion with a virtual leader is said to be achieved asymptotically for systems (1) and (2), if for any initial state, there is ( ) ( ) 1 2 lim ,
To demonstrate the validity of control protocol (7), the following positive semi-definite function is constructed 
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which implies that
. Therefore, no edge distance will be tend to R for
, implying that no existing edges will be lost before time 1 t . Hence, new edges must be added into the network at 
2 0 1 0 
, , , , , , . 
Conclusion
This paper mainly discusses the flocking problem of multi-agent system with a virtual leader and time-varying delay. Unlike most existing flocking algorithms, each agent here is subject to nonlinear dynamics. The corresponding algorithms with the time-varying delay are proposed. Under the assumption that the initial network is connected, the theoretical deduction is made. The related topic over the directed network or the jointly connected network will be studied in future.
